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Abstract. The interaction between a high-frequency dilational mode of a thin dielectric film
and an optical cavity field is studied theoretically in the membrane-in-the-middle setup. A
derivation from first principles leads to a multi-mode optomechanical Hamiltonian where
multiple cavity modes are coupled by the thickness variation of the membrane. For membrane
thicknesses on the order of one micron, the frequency of this dilational mode is in the
GHz range. This can be matched to the free spectral range of the optical cavity, such
that the mechanical oscillator will resonantly couple cavity modes at different frequencies.
Furthermore, such a large mechanical frequency also means that the quantum ground state of
motion can be reached with conventional refrigeration techniques. Estimation of the coupling
strength with realistic parameters suggests that optomechanical effects can be observable
with this dilational mode. It is shown how this system can be used as a quantum limited
optical amplifier. The dilational motion can also lead to quantum correlations between cavity
modes at different frequencies, which is quantified with an experimentally accessible two-
mode squeezing spectrum. Finally, an explicit signature of radiation pressure shot noise in this
system is identified.
PACS numbers: 42.50.-p, 42.50.Wk, 78.20.hb, 42.65.Yj
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1. Introduction
Research on mechanical systems in the quantum regime has reached several milestones in the
past few years. A micromechanical oscillator in the quantum ground state was first observed
in an experiment by O’Connell et al. [1], where the high-frequency dilational motion of a slab
of dielectric material was coupled to a superconducting qubit. This enabled verifying that
the mechanical oscillator was in the ground state, as well as the ability to controllably create
single phonons. The very high mechanical resonance frequency of 6 GHz ensured that the
quantum ground state was reached simply by conventional refrigeration techniques.
Quantum behaviour of mechanical oscillators has later been achieved in cavity opto- or
electromechanical systems, where the mechanical motion is coupled to light or microwaves.
Resolved sideband cooling of mechanical motion to the quantum ground state [2, 3] was
achieved in an experiment by Teufel et al. on an electromechanical system [4]. This technique
has also been successfully employed in the optical regime with silicon nanoscale resonators
[5], where the quantization of mechanical motion has been directly measured [6]. In a
setup coupling light to the collective motion of cold atoms, quantization of motion [7] and
ponderomotive squeezing of the light [8] have been reported.
The optomechanical system of a thin silicon nitride membrane placed inside an optical
Fabry-Pe´rot cavity [9] has also attracted considerable attention recently [10, 11, 12, 13, 14,
15, 16]. The flexural modes of the membrane give rise to the same physics as a cavity with
a movable end mirror. In addition, one can achieve coupling of the light to the square of
the mechanical displacement [9, 14], which could enable nondemolition measurements of the
phonon number [10] or of phonon shot noise [12]. The idea of using such a membrane as a
transducer between optical and electrical degrees of freedom has been proposed [16]. Finally,
the membrane’s coupling to light was recently exploited in an experiment to effectively couple
the motion of the membrane and the motion of cold atoms [17].
While the membrane-in-the-middle setup is promising, laser cooling of the flexural
modes to the ground state is a considerable challenge. One reason for this is the typically low
resonance frequencies of these modes, usually in the range of 0.1-10 MHz, which corresponds
to a very low effective temperature necessary to reach the ground state. However, in addition
to the flexural modes, the membrane also experiences thickness oscillations, i.e. a dilational
mode similar to the motion studied in the experiment by O’Connell et al. [1]. If the membrane
is very thin, the thickness oscillation has a much higher frequency than the flexural modes.
The frequency is approximately given by vs/(2d0), where vs is the speed of sound in the
membrane and d0 is the membrane thickness. Note that thin-film dilational modes of this type
have been detected in free-standing silicon membranes by using laser pulses [18, 19]. For
silicon nitride membranes with thicknesses of a micrometer or less, the mechanical resonance
frequencies will be on the order of GHz or tens of GHz. Hence, provided that the coupling
between this dilational mode and light is sufficiently strong, the membrane-in-the-middle
setup could also give rise to an optomechanical system where the mechanical oscillator is
in the ground state already at dilution refrigeration temperatures. Another useful feature of
the very high mechanical frequency is that it is of the same size as the free spectral range
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in standard optical cavities, so the dilational mode will effectively couple cavity modes at
different frequencies. This type of frequency matching was recently exploited in a different
type of optomechanics experiment [20].
In this article we investigate the coupling between the thickness variation of a thin
dielectric membrane and an optical cavity field. In Sections 2 and 3, we characterize the
uncoupled optical and mechanical modes, respectively. The coupling comes about both due
to the membrane thickness variation itself (a boundary effect) as well as the fact that elastic
strain in the membrane leads to a change in the electric permittivity (a bulk effect). In general,
both effects must be taken into account when light interacts with the motion of dielectric
objects [20, 21]. In Section 4, we derive a second quantized Hamiltonian and quantify the
coupling strengths between the optical cavity modes and the mechanical oscillation. By
inserting realistic parameters, we show in Section 5 that the coupling can be strong enough
for optomechanical effects to be observable, provided that the as yet unknown mechanical
quality factor exceeds a certain value. In Section 6, we show how this system can be used
as a quantum limited optical amplifier, due to the vanishingly small thermal occupation
of the mechanical mode. Finally we study how one can produce quantum correlations
between different cavity modes with this setup in Section 7. We calculate a two-mode
squeezing spectrum and find that one can achieve considerable squeezing for sufficiently large
mechanical quality factors. In addition, we identify an explicit signature of radiation pressure
shot noise.
2. Optical cavity modes
We will consider the setup of a thin dielectric membrane placed inside an optical Fabry-Pe´rot
cavity, depicted in Fig. 1. The length of the cavity will be denoted by L, and the equilibrium
membrane thickness by d0. The center of the cavity is placed at x = 0, and the right (left)
mirror is positioned at x = ±L/2. The electric field inside the cavity can be expressed in
terms of orthonormal modes Φl(r),
Eˆ(r) =
∑
l
√
h¯ωl
2ε0
(
Φl(r)aˆl + Φ
∗
l (r)aˆ
†
l
)
, (1)
where ωl is the mode frequency, ε0 is the electric permittivity in vacuum, and aˆ
(†)
l are photon
annihilation (creation) operators with [aˆl, aˆ
†
l′ ] = δl,l′ . In the absence of the membrane, the
functions Φl(r) are the Hermite-Gauss modes [22]. In general, the subscript l represents a set
of quantum numbers. However, we will restrict ourselves to the Gaussian TEM00-modes only
and consider polarized light. In that case, l = 1, 2, ... will be the longitudinal mode index.
The width of the cavity modes changes on the length scale of the Rayleigh range
xR = klw
2
0/2, where kl is the wavenumber and w0 the waist size of the cavity mode. We
will concentrate on the situation where the membrane is positioned at xM well within the
Rayleigh range from the waist, such that |xM|  xR. In this case, the mode functions inside
the membrane can be approximated by Φl(r) = Φl(r)v [23] where v is a polarization vector
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Figure 1. Proposed experimental setup. a) A thin dielectric membrane inside an optical Fabry-
Pe´rot cavity. The membrane is placed close to the waist of the cavity mode. b) Close-up view
of the membrane when the membrane thickness is at its equilibrium value d0. The waist radius
of the cavity mode is w0 and the side length of the square membrane is b. c) Vibrational modes
in the membrane leads to thickness fluctuations around the equilibrium value d0.
of unit length and
Φl(r) =
2Cl√
piLw0
e−(r‖/w0)
2
sin(nMklx+ φl) . (2)
We have introduced r‖ = (y, z) as the component of the position vector in the yz-plane, and
nM is the membrane’s index of refraction. The wave number is kl = ωl/c, with c being the
speed of light. The dimensionless coefficients Cl and the phases φl follow from normalization
and boundary conditions. We do not include their expressions here, but note that Cl is of order
1 and φl′ − φl ≈ (l′ − l)pi/2 if the membrane’s intensity reflection coefficient
R(k) =
(n2M − 1)2
4n2M cot
2 (nMkd0) + (n2M + 1)
2 (3)
is much smaller than 1. For Si3N4, nM ≈ 2, such that R(k) oscillates between 0 and 0.36 as a
function of kd0.
The mode frequencies are given by ωl = ω0l + δωl, where ω
0
l = lpic/L are the evenly
spaced frequencies in absence of the membrane for large longitudinal mode numbers l. The
correction to the frequencies in presence of the membrane can be expressed in terms of
k0l ≡ ω0l /c and becomes [23]
δωl =
c
L
[
arcsin
(
(−1)l
√
R(k0l ) cos
(
2k0l xM
))
− β(k0l )
]
. (4)
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The frequencies have an oscillatory dependence on the position of the membrane [9] whose
magnitude depends on the reflection coefficientR(k). Note also that the shifts for neighboring
longitudinal numbers l and l + 1 have opposite sign. The contribution β(k0l ) has only a weak
dependence on l and can be thought of as an unimportant shift of all frequencies. The mode
frequencies as a function of membrane position are shown in Fig. 2.
xM/λ
l − 1
l
l + 1
l + 2
δl
δl+1
δl+2
ω
{l
}/
ω
F
R
S
−
l
Figure 2. Cavity mode resonance frequencies in units of ωFSR = cpi/L as a function of
membrane position xM. We have used a membrane thickness of d0 = 1 µm, a wavelength of
λ = 1064 nm, and an index of refraction nM = 2, giving R(k) = 0.2. The frequencies have
an oscillatory dependence on xM, which means that they are in general not evenly spaced. The
blue dashed line to the right is placed at a membrane position where the frequency spacings
δl = ωl − ωl−1 differ, i.e. δl 6= δl+1 6= δl+2. The red dashed line to the left is placed at a
high-symmetry point where δl = δl+1 = δl+2.
3. Dilational modes of the membrane
In this section, we study the high-frequency dilational modes of the membrane, which is
assumed to be square with side lengths b and an equilibrium thickness d0. The membrane lies
in the yz-plane with its front and back surfaces at x± = xM ± d0/2. The displacement field
in the membrane will be denoted by u(r). Assuming that the membrane material is isotropic,
the displacement eigenmodes are given by the equation
µ∇2u +
(
K +
µ
3
)
∇ (∇ · u) = −ρω2u, (5)
where K is the bulk modulus, µ is the shear modulus, ρ is the mass density, and ω is the mode
frequency. To find the displacement field, we also need to specify the boundary conditions,
which depend on the details of how the membrane is connected to its mechanical support. For
simplicity, we will work with the so-called simply supported boundary conditions
ux = uy = σzz = 0 , z = ±b/2 (6)
Optomechanics with a high-frequency dilational mode in thin dielectric membranes 6
ux = uz = σyy = 0 , y = ±b/2
uy = uz = σxx = 0 , x = x±
where σii are the diagonal elements of the stress tensor. This means that the transverse
displacement as well as the normal component of the stress on all surfaces are zero. This
simplification might not be the most realistic choice of boundary conditions. However, we do
not expect that other boundary conditions will bring significant changes to the properties we
are interested in, namely the frequency spacings between the modes and the optomechanical
couplings.
The boundary conditions and the equation of motion are satisfied by the field u(r) ∝
u˜mn(r) with
u˜mn,x(r) = Kx sin
[
pi
d0
(x− xM)
]
sin
[
m
pi
b
(
y +
b
2
)]
sin
[
n
pi
b
(
z +
b
2
)]
(7)
u˜mn,y(r) = Ky cos
[
pi
d0
(x− xM)
]
cos
[
m
pi
b
(
y +
b
2
)]
sin
[
n
pi
b
(
z +
b
2
)]
u˜mn,z(r) = Kz cos
[
pi
d0
(x− xM)
]
sin
[
m
pi
b
(
y +
b
2
)]
cos
[
n
pi
b
(
z +
b
2
)]
,
where Kj are constants, m,n = 1, 2, 3..., and we have restricted ourselves to the lowest
non-zero wave number (pi/d0) in the x-direction. The angular frequency ω = ωmn is given by
ωmn = v
[(
pi
d0
)2
+
(
m2 + n2
)(pi
b
)2] 12
(8)
where the propagation velocity v = vs ≡
√
(K + 4µ/3)/ρ for longitudinal waves and
v =
√
µ/ρ for transversal waves.
Since the thickness d0 is much smaller than the width b, the longitudinal vibrational
modes will consist mostly of displacements in the x-direction, whereas the transverse modes
consist mostly of displacements in the plane of the membrane. In the remainder of this
article, we will focus on longitudinal modes only. We emphasize that the transverse modes
can also couple to the optical cavity modes through the photoelastic effect. However, since
the longitudinal and transverse mode frequencies do not coincide, we can safely ignore the
latter below. The normalized longitudinal modes are given by Eq. (7) with Ky/Kx = md0/b,
Kz/Kx = nd0/b, and Kx = (1/(1 + (m2 + n2)(d0/b)2))1/2 ≈ 1. Note that for these modes,
both the normal and shear stress on the surfaces x = xM ± d0/2 are zero, as they should be
on a free surface.
Ignoring the transverse modes, the total displacement field becomes u(r) =∑
mn ηmnu˜mn(r). In other words, u(r) is the displacement field of the vibrational modes
with angular frequencies close to pivs/d0. The length ηmn characterizes the amplitude of the
mn-mode. We can quantize the displacement field by letting ηmn → ηzpf,mn
(
cˆmn + cˆ
†
mn
)
,
where cˆmn is a phonon annihilation operator for the mn-mode. The zero point fluctuations
are characterized by the length ηzpf,mn =
√
h¯/(2m˜ωmn), where m˜ = ρd0b2/8 is the effective
mass of each mode.
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We would like to study the coupling between the optical cavity modes and a single
vibrational mode, namely the fundamentalm = n = 1 mode. This is possible if the modes are
well separated in frequency, which requires that the mechanical quality factor Q  (b/d0)2.
This is one of several reasons for using a membrane with a small area to reduce the aspect
ratio b/d0. If this requirement for the mechanical Q is too strict, it is however also possible
to focus solely on the fundamental mode if the light couples much more strongly to it than to
the other longitudinal modes. We will address this issue in the next section.
4. The Hamiltonian for the coupled system
We now derive the Hamiltonian for the coupled optomechanical system. We assume that we
can focus on a single mechanical mode with m = n = 1. We let ω11 → ωM ≈ vspi/d0,
ηmn → η, and u˜11 → u˜, such that the displacement field is u(r) = η u˜(r). We define
rl = (x−, r‖) and rr = (x+, r‖), which describe the equilibrium left and right membrane
surfaces, respectively. Note that the membrane thickness at in-plane position r‖ is given by
d(r‖) = d0 + 2ux(rr). The displacement field will later be quantized as described in Section
3. The coupling to other mechanical modes will be commented on in Section 4.3.
4.1. Derivation of the full Hamiltonian
For a static membrane, the Hamiltonian is Hˆ0 =
∑
l h¯ωlaˆ
†
l aˆl. In the presence of membrane
vibrations, the Hamiltonian becomes Hˆ = Hˆ0 + Hˆ1 + Hˆ2 + HˆM, where HˆM is the energy
of the mechanical fluctuations. The term Hˆ1 is the energy change of the electromagnetic
field due to the change in membrane thickness, whereas Hˆ2 is the energy change due to the
photoelastic effect, i.e. the fact that a strain in the membrane gives rise to a change in the
electric permittivity tensor. Using perturbation theory [25], these terms can be expressed as
Hˆi = 1/2
∫
dr‖hˆi(r‖) where
hˆ1(r‖) = η u˜x(rr)(εM,0 − ε0)
[
Eˆ2(rl, t) + Eˆ
2(rr, t)
]
(9)
hˆ2(r‖) = η
∫ r0
l0
dx
∂εM(r)
∂η
∣∣∣∣∣
η=0
Eˆ2(r, t) .
Note that the expression for the surface contribution Hˆ1 is only well-defined when the electric
field is continuous across the boundary [25] and the optical modes are non-degenerate, both
of which are satisfied here. The strain-dependent permittivity in the membrane is denoted by
εM(r), and εM,0 = ε0
√
nM is its equilibrium value. We have assumed that the amplitude η
is small compared to the wavelength of the light and the equilibrium thickness d0. We also
assume that the optical cavity modes are polarized in the yz-plane, such that εM(r) is the
in-plane membrane permittivity. Note that when ∂εM(r)/∂η|η=0 < 0, i.e. when the electric
permittivity decreases as the thickness increases and vice versa, the contributions Hˆ1 and Hˆ2
have opposite signs.
In the presence of strain described by the strain tensor eij , the deviation of the
inverse electric permittivity tensor ε−1 from its equilibrium value is given by δ(ε−1)ij =
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kl pijklekl/ε0, where pijkl is the photoelastic tensor [24]. Assuming that the membrane
is isotropic in the yz-plane and that xˆ, yˆ, zˆ point along the principal axes of the membrane
material, we have (ε−1)ij = ε−1ij δij with εyy = εzz ≡ εM. Neglecting the small displacement
components u˜y and u˜z, we then arrive at ∂εM(r)/∂η|η=0 ≈ −ε2M,0p/ε0 ∂u˜x(r)/∂x, where
p = pyyxx and u˜x(r) is given by Eq. (7). For SiO2, pyyxx = 0.271 [24]. We are not aware
of any measurements of the photoelastic coefficients for Si3N4, but it seems reasonable to
assume that they are not very different for Si3N4 than for SiO2. In any case, they are expected
to be of the same order of magnitude.
We now quantize the displacement field by letting η → ηzpf
(
cˆ+ cˆ†
)
, where cˆ and cˆ† are
phonon annihilation and creation operators and ηzpf =
√
h¯/(2m˜ωM) is the size of the zero
point fluctuations. By inserting (1) and (7) and ignoring terms that do not conserve photon
number, we arrive at the multi-mode optomechanical Hamiltonian
Hˆ =
∑
l
h¯ωlaˆ
†
l aˆl + h¯ωMcˆ
†cˆ+
∑
l,l′
h¯Γl,l′
(
cˆ+ cˆ†
)
aˆ†l aˆl′ . (10)
Below, we will focus on the intermode coupling Γl,l+1 = Γl+1,l between adjacent longitudinal
optical modes. Defining gl = ωlηzpf/L and inserting the expressions for Cl and φl, we find
Γl,l+1 = glΛl,l+1, where
Λl,l+1 =
I1,1
4
(
1− n
4
Mp (n
2
M − 1)−1
1− (2nMkld0/pi)2
) √
R(kl) cot(nMkld0)
(1−R(kl) cos2(2klxM))1/2
sin (2klxM) . (11)
The quantity I1,1 is a transverse overlap integral which is defined in Eq. (13) below. Note
that
√
R(kl) cot(nMkld0) → 0 when cot(nMkld0) → ±∞, and that cot(nMkld0)/(1 −
(2nMkld0/pi)
2) → pi/4 when nMkld0 → pi/2. Thus, except for special values of the
membrane position xM or the thickness d0 for which the coupling vanishes, the dimensionless
number Λl,l+1 is always of order 1. The coupling strength is therefore determined by gl,
which is the familiar coupling rate in the canonical optomechanical system of a cavity with
a movable mirror. This also determines the size of the intramode coupling Γl,l. We have
used klxM ≈ kl+1xM, √ωlωl+1 ≈ ωl, and φl+1 − φl ≈ pi/2 to simplify the expression for
the coupling strength. These are very good approximations for large longitudinal numbers l
and small reflectivities R(kl). For further details on the derivation of Eq. (11), we refer to
Ref. [23], where the calculation of coupling strengths to the flexural modes produce similar
expressions.
The first term in the paranthesis in Eq. (11) comes from the thickness variation whereas
the second from the photoelastic effect. We see that these terms are of opposite signs for
d0 < pi/(2nMkl) and of the same sign for d0 > pi/(2nMkl). This does not contradict the
fact that Hˆ1 and Hˆ2 always have opposite signs for p > 0, since we are now considering
the coupling between two particular optical modes, and not the entire Hamiltonian. We also
see that the two terms are of comparable size for reasonable parameters. Finally, note that
the photoelastic term vanishes when the membrane thickness becomes much larger than the
optical wavelength. This is as expected, since this term is, roughly speaking, an integral of
two orthogonal optical modes over the thickness of the membrane.
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4.2. Reduction to two optical modes
When focusing on a single optical mode with index l and the intramode coupling Γl,l only,
the Hamiltonian is reduced to that of a standard optomechanical system. However, for thin
membranes, the frequency of the dilational mode ωM will typically be very large compared
to a typical cavity linewidth, denoted below by κ. Indeed, the mechanical frequency can be
matched to the free spectral range of the cavity. Hence, we will consider two optical modes l
and l + 1 that are separated by the mechanical frequency ωM, such that the intermode terms
proportional to Γl,l+1 and Γl+1,l are resonant. This means that the annihilation (creation)
of a phonon will convert a photon from mode l (l + 1) to mode l + 1 (l). Defining
δl = ωl − ωl−1, note that the frequency shift (4) ensures that δl+1 6= δl ≈ δl+2 whenever
cos(2klxM) ≈ cos(2k0l xM) 6= 0 (see Fig. 2). Thus, by placing the membrane at a position
where |δl+1 − δl|  κ, we can focus on just two optical modes. Furthermore, in the resolved
sideband regime ωM  κ, we can neglect the intramode coupling Γl,l as well as the counter-
rotating terms in the intermode coupling.
The maximal difference between δl+1 and δl occurs when cos(2klxM) = ±1. However,
according to Eq. (11), the coupling rate Γl,l+1 is zero at these points. This is not expected to
cause a problem in practice since maximizing |δl+1 − δl| is not really necessary. One only
needs to ensure that |δl+1 − δl|  κ. To show that this is feasible, let us for example assume
that cos(2k0l xM) = 1/2 and
√
R(k) = 0.2. By expressing the linewidth κ = cpi/(LF) by the
cavity finesse F , we get |δl+1 − δl|/κ ∼ 0.1F  1 for any reasonable finesse. Hence, we
can safely focus on two cavity modes and neglect the others. The vertical blue (dashed) line
in Fig. 2 is placed at a membrane position where both δl+1 6= δl, δl+2 and the coupling rate
Γl,l+1 is nonzero.
For a given l, we let aˆl → aˆ1, aˆl+1 → aˆ2, and Γl,l+1 = Γ, which leads to a model
where two longitudinal cavity modes are coupled by the fundamental dilational mode of the
membrane,
Hˆ =
2∑
i=1
h¯ωiaˆ
†
i aˆi + h¯ωMcˆ
†cˆ+ h¯Γ
(
cˆ aˆ†2aˆ1 + cˆ
†aˆ†1aˆ2
)
, (12)
with ω2 − ω1 ∼ ωM. The indices 1 and 2 are just for labeling the cavity modes and do
not represent the actual longitudinal numbers l, l + 1  1. We note that the model (12)
was recently studied in the strong coupling regime Γ ∼ κ [26, 27], where e.g. quantum
nondemolition measurements of photon and phonon numbers become possible. The coupling
in the experimental setup we study here is however not strong enough to see these effects.
4.3. Coupling to other mechanical modes
In the derivation of the interaction Hamiltonian we ignored all mechanical modes except the
longitudinal fundamental mode with m = n = 1. However, as noted in Section 3, unless
the mechanical quality factor Q  (b/d0)2, this can only be justified if the optomechanical
coupling to other mechanical modes close in frequency is significantly smaller. In Eq. (11),
we expressed the coupling rate to the fundamental mode by the overlap integral I1,1, defined
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as
I1,1 =
2
piw20
∫
A
dr‖ sin
[
pi
b
(
y +
b
2
)]
sin
[
pi
b
(
z +
b
2
)]
e−2(r‖/w0)
2
, (13)
where the integral is over the transverse area of the membrane and we have assumed that the
cavity waist is centered on the membrane. The integral I1,1 is always of order 1. For other
longitudinal mechanical modes that are close to the fundamental in frequency, i.e. modes
with arbitrary but moderate values of m and n, the coupling Γl,l+1 will be given by the same
expression as in Eq. (11), except for the substitution I1,1 → Im,n, with
Im,n =
2
piw20
∫
A
dr‖ sin
[
m
pi
b
(
y +
b
2
)]
sin
[
n
pi
b
(
z +
b
2
)]
e−2(r‖/w0)
2
. (14)
Symmetry dictates that the coupling to modes with m or n even becomes zero. In Fig. 3, we
plot the overlap integral Im,n normalized to the value of I1,1 for the three modes closest in
frequency to the fundamental mode as a function of cavity waist size. We see that when the
2w0/b
I m
,n
/
I 1
,1
m = 3, n = 1
m = 3, n = 3
m = 5, n = 1
Figure 3. The transverse overlap integral Im,n normalized to the integral for the fundamental
mode I1,1 as a function of the cavity waist diameter 2w0. This shows that when the waist size
becomes comparable to the membrane’s transverse dimension b, coupling of the light to the
fundamental mode m = n = 1 is significantly stronger than to the other vibrational modes.
cavity waist is comparable in size to the membrane’s transverse dimensions, i.e. 2w0 ∼ b, the
optomechanical coupling to the fundamental mode is dominant, which is another reason for
using a membrane with a small side length b. The neglect of the other modes with m or n > 1
thus appears to be justifiable, although one should keep in mind that they are there and might
influence experiments.
4.4. Strong optical drive
In Section 5, we will show that the coupling strength Γ in Eq. (12) is typically very small
compared to the cavity and oscillator decay rates. We therefore consider the situation where
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one of the cavity modes is strongly driven. Let us first assume that the upper mode (mode 2) is
strongly driven by a laser with frequency ωD ∼ ω2. Transforming to the frame rotating at the
drive frequency ωD, and neglecting small nonlinear terms, we get the parametric amplification
Hamiltonian
Hˆ = −h¯∆1aˆ†1aˆ1 + h¯ωMcˆ†cˆ+ h¯α2
(
cˆ aˆ1 + cˆ
†aˆ†1
)
. (15)
Here, ∆1 = ωD − ω1 ∼ ωM, and α2 = Γ
√
N2, where N2 is the average number of photons
in cavity mode 2. Alternatively, if mode 1 is driven at a frequency ωD ∼ ω1, we get the
beam-splitter Hamiltonian
Hˆ = −h¯∆2aˆ†2aˆ2 + h¯ωMcˆ†cˆ+ h¯α1
(
cˆ aˆ†2 + cˆ
†aˆ2
)
, (16)
in the frame rotating at ωD with ∆2 = ωD− ω2 ∼ −ωM and α1 = Γ
√
N1 with N1 the number
of photons in cavity mode 1. It is well known that these Hamiltonians can be realized in the
resolved sideband regime in ordinary single-mode cavity optomechanics by driving at either
the blue or red sideband frequency. The difference in this case is that the drive frequencies
are on resonance with other cavity modes, similar to the situation in Ref. [20].
Finally, we mention that one can also realize a beam-splitter Hamiltonian between the
two cavity modes aˆ1 and aˆ2 by driving the mechanical oscillator. The mechanical motion can
be induced either mechanically or by strongly driving two additional optical modes that are
also separated by the mechanical frequency. This could allow for transfer of an optical signal
from one frequency to another.
5. Estimation of the coupling constant
In this section, we provide an estimate for the coupling strength between the dilational motion
and the cavity modes. The size of the zero point fluctuations is independent of the membrane
thickness for b  d0 and is given by ηzpf ≈ 2
√
h¯/(piρb2vs). The speed of sound in Si3N4 is
vs = 9900 m/s and the density is ρ = 3.44 g/cm3. Assuming that the membrane side length
is b = 0.1 mm, we get ηzpf = 2.0 × 10−17 m. A smaller b will reduce the membrane mass,
which gives a larger zero point motion and hence a larger optomechanical coupling. This is
yet another argument for using a small membrane.
We will imagine that we are using laser light with a wavelength of λ = 1064 nm.
For membrane thicknesses of d0 = 100 nm and d0 = 1 µm, the mechanical frequency is
ωM = 2pi × 50 GHz and ωM = 2pi × 5 GHz, respectively. This is relatively large compared
to many other optomechanical realizations, although some experiments feature mechanical
frequencies in the GHz regime [28, 29, 30]. The large resonance frequency means that at
dilution refrigeration temperatures, the thermal phonon occupation number
nth =
1
exp(h¯ωM/kBT )− 1 (17)
will be vanishingly small (nth < 10−5 even for ωM = 2pi × 5 GHz), such that the mechanical
oscillator will practically be in the quantum ground state without the need for additional laser
cooling.
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In Section 4.1, we saw that the optomechanical coupling strength is determined by the
rate g/2pi = c ηzpf/(λL). For a cavity of length L = 1 cm, this becomes 0.7 Hz. This is
comparable to the coupling strength to the flexural modes of the membrane in experiments
performed with longer cavities [9]. Naively, this suggests that optomechanical effects are
observable also with the dilational mode. The mechanical linewidth γ is however expected
to be much larger for the high frequency dilational mode than for the low frequency flexural
modes. What we need to check is how the effective coupling rate α ∼ g√N compares to the
cavity decay rate κ and the mechanical oscillator decay rate γ. Here, N is the average number
of photons in the driven cavity mode. A figure of merit is the cooperativity C = 4α2/(κγ).
Introducing the mechanical quality factor Q = ωM/γ and the finesse F = cpi/(Lκ), we arrive
at
C ∼
(
4ηzpf
λ
)2 c d0
vsL
NFQ (18)
as an order of magnitude estimate for the cooperativity.
Inserting the expression for ηzpf , and expressing the average photon number N =
4Pinλ/(hc κ) in terms of the laser power Pin, our estimate for the cooperativity becomes
C ∼ 128 d0PinF
2Q
pi3λ ρb2 c v2s
. (19)
The only unknown in this estimate is the mechanical Q. This can be experimentally
determined by for example driving the mechanical motion with two laser beams separated by
the mechanical frequency and analyzing the response of the oscillator. Assuming d0 = 1 µm,
Pin = 1.5 mW, and F = 105, we get C/Q ∼ 5.8 × 10−5. This means that for a mechanical
Q > 104, the cooperativity can be on the order of 1, such that optomechanical effects should
be observable.
To realize the model (12), we want the frequency difference between the two optical
modes to equal the mechanical frequency, i.e. δl+1 = ωM. In the absence of the membrane,
the free spectral range of the cavity is δl = pic/L. Thus, the length of the optical cavity will
be determined by the requirement L/d0 ∼ c/vs. Let us assume a membrane thickness of
d0 = 1 µm, which means that the cavity will need to be approximately L = 3 cm. In practice,
since the difference δl depends on the membrane position xM (see Fig. 2), one can move
the membrane to the appropriate position where δl exactly matches ωM. Note that with this
frequency matching, the resolved sideband parameter ωM/κ is roughly equal to the finesse F
of the optical cavity.
With the assumptions above, the cavity linewidth is κ = 2pi × 50 kHz and α ∼
2pi × 60 kHz. For a mechanical quality factor of Q ∼ 104, we have γ = 2pi × 0.5 MHz.
Thus, even for modest cooperativity, since the effective coupling α exceeds κ, one could be
able to observe strong coupling phenomena such as normal mode splitting of the mechanical
resonance [31, 32]. Significant resolved sideband cooling of the mechanical motion requires
C  1, which, with the numbers we have assumed here, is only possible if Q  104.
However, as noted earlier, the thermal occupation will be vanishingly small at millikelvin
temperatures.
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It is difficult to give an estimate for what the mechanical quality factorQ of the dilational
mode will be. It is however worth mentioning that extremely large Q factors exceeding 108
have recently been realized in similar structures, by making one of the surfaces convex, so as
to provide confinement of the acoustic wave [33]. One might imagine that a similar technique
can be used to engineer large quality factors in the thin membranes we consider here, although
one should note that the confinement reported in Ref. [33] is best for higher overtones of the
fundamental mechanical resonance. For such overtones, where the mechanical frequency is
ωM ∼ q pivs/d0 with q > 1 being an integer, the photoelastic term (Hˆ2) will give a negligible
contribution to the optomechanical coupling. The surface term (Hˆ1) could however give rise
to an optomechanical coupling for odd q. The coupling will still be reduced by a factor 1/
√
q
compared to the fundamental mechanical mode, due to smaller zero point fluctuations. To
confine the fundamental q = 1 mode and avoid propagation losses, it would be preferable to
use a membrane whose thickness is sharply reduced at the edges.
Another issue one might worry about is optical loss in the membrane. Note however
that membrane loss could not be observed in experiments with 50 nm thick membranes and
a cavity finesse of 5 × 104 [14]. While this does not exclude the possibility that it could be
a problem at a thickness of 1 µm, it is worth pointing out that some of the absorption and
scattering in the membrane is almost certainly due to surface roughness and contamination,
which should not scale at all with thickness.
6. Quantum limited optical amplification
We will now show how the optomechanical coupling to the dilational mode of the membrane
can be used for quantum limited optical amplification. We consider the situation where a
strong laser at frequency ωD drives the upper of two cavity modes separated by the mechanical
frequency, which gives rise to the effective Hamiltonian (15). The detuning between the drive
and the lower cavity resonance will be denoted ∆1 = ωD − ω1 ≈ ωM. In addition to the
strong drive, we imagine that a narrow bandwidth signal centered on ω1 is sent to the cavity,
represented by the operator e−iω1taˆ1,in(t). The bandwidth B should be smaller than the decay
rates κ, γ, which for the parameters in Section 5 means roughly B < 50 kHz. The decay rate
of the mirror through which the laser couples to the cavity modes is denoted by κex. We will
account for other decay channels, e.g. leakage through the other mirror or absorptive losses in
the mirrors, whose respective decay rates are κj with j integer, such that κ = κex +
∑
j κj . In
a frame rotating at ω1, input-output theory [34, 35] gives the quantum Langevin equations
˙ˆa1 = − κ
2
aˆ1 − iα2 e−i∆1t cˆ† +√κexaˆ1,in +
∑
j
√
κj ξˆj
˙ˆc = −
(
γ
2
+ iωM
)
cˆ− iα2 e−i∆1t aˆ†1 +
√
γ ζˆ . (20)
Here, the operator ζˆ(t) represents the noise from the mechanical bath. For a large mechanical
Q, we can use a white noise model with 〈ζˆ†(t)ζˆ(t′)〉 = nthδ(t − t′) and 〈ζˆ(t)ζˆ†(t′)〉 =
(nth + 1) δ(t−t′), where nth is the thermal phonon number defined in Eq. (17). The operators
ξˆj represent the vacuum noise of the electromagnetic field and obey 〈ξˆ†j (t)ξˆk(t′)〉 = 0 and
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〈ξˆj(t)ξˆ†k(t′)〉 = δjkδ(t − t′). The output field of cavity mode 1 is aˆ1,out(t) =
√
κexaˆ1(t) −
aˆ1,in(t) in a frame rotating at ω1.
We define the Fourier transform as fˆ (†)[ω] =
∫∞
−∞ dt e
iωtfˆ (†)(t). For frequencies
ω  κ, γ, the output field is
aˆ1,out[ω] =
(2r − 1 + C)aˆ1,in[ω] + 2√r ∑j√κj/κ ξˆj[ω]− i√C ζˆ†[ω]
1− C , (21)
where r = κex/κ and C = 4α22/(κγ) is the cooperativity. The result is not valid for C ≥ 1,
where nonlinear terms must be taken into account and self-induced mechanical oscillations
occur [36]. In the regime 1 − r < C < 1, the interaction with the cavity leads to a
phase-preserving amplified signal. Such an optomechanical amplifier has been realized in
the microwave regime [38], although the quantum limit of added noise was not reached and
the bandwidth was only on the order of kHz. The high-frequency dilational mode discussed
here has the advantages that the thermal occupation nth can be made vanishingly small and
the bandwidth can be significantly larger, due to a presumably larger mechanical linewidth.
Defining the arbitrary quadrature Xˆθ,in = (e−iθaˆ1,in + eiθaˆ
†
1,in)/
√
2, we get
〈Xˆ2θ,out〉 = G
(
〈Xˆ2θ,in〉+ (∆X)2
)
, (22)
where the amplifier gain is
G =
(
2r − 1 + C
1− C
)2
(23)
and the added noise is
(∆X)2 =
1
2
(
1− 1
G
)
+
(
1
r
− 1
)(
1 +
1√
G
)2
(24)
when nth  1. If other types of cavity decay can be neglected, i.e. if κex ≈ κ, we have
(∆X)2 = (1− 1/G)/2 and the amplifier is quantum limited [39]. In the general case and for
large gain G  1, the added noise becomes (∆X)2 = 1/r − 1/2 ≥ 1/2. This means that
in practice, deviations from the quantum limit will be due to amplification of vacuum noise
entering the cavity through other decay channels, and not due to the mechanical oscillator.
Note also that for cooperativities C < 1−r, the interaction with the cavity actually leads
to absorption, in the sense that the gain G is less than unity. In this regime, the magnitude of
the reflected signal can even become smaller than for no optomechanical coupling (C = 0)
[28], and a portion of the signal is lost to the other optical decay channels. This has been
observed in an optomechanical system [28], and is analogous to electromagnetically induced
absorption in atomic gases [37].
7. Correlations between cavity modes
In this section, we show how the dilational mode of the membrane can be used to create two-
mode squeezing between different cavity modes. We also show how this system can lead to an
explicit observation of quantum back-action of the optical field on the mechanical oscillator
[40], also known as radiation pressure shot noise.
Optomechanics with a high-frequency dilational mode in thin dielectric membranes 15
Let us now consider four optical modes aˆi, i = 1, 2, 3, 4, where aˆ2 (aˆ4) and aˆ1 (aˆ3) differ
in frequency by the mechanical oscillator frequency ωM such that scattering between these
modes can occur through phonon creation or annihilation. In other words, we consider the
Hamiltonian
H =
4∑
i=1
h¯ωiaˆ
†
i aˆi + h¯ωMcˆ
†cˆ+ h¯Γ
(
cˆ aˆ†2aˆ1 + cˆ
†aˆ†1aˆ2 + cˆ aˆ
†
4aˆ3 + cˆ
†aˆ†3aˆ4
)
.
Note that we do not require aˆ2 and aˆ3 to be adjacent modes, although they may be. It is
also not necessary that ω1, ω2 < ω3, ω4. We imagine that both modes 2 and 3 are strongly
driven at frequencies ωD,2 ∼ ω2 and ωD,3 ∼ ω3, respectively. This means that the mechanical
oscillator’s interaction with mode 1 is of the parametric amplifier type (Eq. (15)), whereas
the interaction with mode 4 is of the beam splitter type (Eq. (16)). This setup can lead to
correlations between the modes 1 and 4. The reason is that if the mechanical dissipation
is sufficiently small, one can adjust the drive strengths such that almost every phonon that
is created by a downconversion of a photon from mode 2 to mode 1 will be destroyed by
upconverting a photon from mode 3 to mode 4. In other words, the creation of a photon in
mode 1 is almost always followed by a creation of a photon in mode 4. We now study how
this can lead to measurable quantum correlations.
7.1. Equations of motion and self-consistency
We will assume that ωD,2−ω1−ωM  κ, γ and ω4−ωD,3−ωM  κ, γ, which should not be
a problem for κ, γ in the kHz-MHz range. We transform the cavity and oscillator operators to
frames rotating at their respective resonance frequencies, i.e. aˆi → e−iωitaˆi and cˆ → e−iωMtcˆ.
Moreover, we can combine the vacuum noise entering cavity mode i from all decay channels j
in the operator ξˆi(t) = κ−1/2(
√
κex ξˆi,ex +
∑
j
√
κj ξˆi,j). This leads to the equations of motion
˙ˆa1 = − κ
2
aˆ1 − iα2cˆ† +
√
κ ξˆ1 (25)
˙ˆa4 = − κ
2
aˆ4 − iα3cˆ+
√
κ ξˆ4
˙ˆc = − γ
2
cˆ− i
(
α2aˆ
†
1 + α3aˆ4
)
+
√
γ ζˆ
for cavity modes 1 and 4 and the mechanical oscillator. The average amplitudes α2 = Γa¯2
and α3 = Γa¯3 with a¯i = 〈aˆi〉 have been assumed real and positive without loss of generality.
These amplitudes should be determined self-consistently, which leads to the equations
a¯2 = a¯2,0 − Γα2
(κ+ γ) (κγ/4 + α23 − α22)
[
γ(nth + 1) +
(2κ+ γ)α23
κ(κ+ γ)/2 + α23 − α22
]
(26)
a¯3 = a¯3,0 − Γα3
(κ+ γ) (κγ/4 + α23 − α22)
[
γnth +
(2κ+ γ)α22
κ(κ+ γ)/2 + α23 − α22
]
,
where a¯i,0 = 2(κexPi/h¯ωiκ2)1/2 is the amplitude in the absence of optomechanical coupling,
and P2 (P3) is the power of the beam driving cavity mode 2 (3). To avoid the mechanical
oscillator becoming unstable [36], we focus on the case where a¯3 ≥ a¯2. Also, we limit the
discussion to the weak coupling limit Γ γ, κ and αi not much greater than κ, relevant to the
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experiment we propose. In that case, the corrections to a¯i,0 on the right-hand side of Eqs. (26)
are small. Thus, it is a good approximation to replace αi in these terms by αi,0 = Γa¯i,0.
While the correction to α2 and α3 induced by the optomechanical coupling is negligibly
small in the regime we study, we will see that Eqs. (26) provide insight to the discussion about
two-mode squeezing in the next section.
7.2. Two-mode squeezing
The fact that a photon creation in mode 4 almost always follows a photon creation in mode 1
can give rise to peculiar photon statistics, similar to what was studied in Ref. [41]. Here we
study how it leads to two-mode squeezing. We define the internal cavity quadratures
Xˆθ1(t) =
1
2
(
aˆ1(t)e
−iθ1 + aˆ†1(t)e
iθ1
)
, (27)
Xˆθ4(t) =
1
2
(
aˆ4(t)e
−iθ4 + aˆ†4(t)e
iθ4
)
.
From these, we can define a general intermode quadrature
Xˆθ1,θ4(t) =
1√
2
(
Xˆθ1(t) + Xˆθ4(t)
)
. (28)
We note that in the absence of the mechanical oscillator, the vacuum fluctuations lead to
the standard quantum limit 〈Xˆ2θ1〉 = 〈Xˆ2θ4〉 = 〈Xˆ2θ1,θ4〉 = 1/4 for the variance in these
quadratures.
Taking into account the coupling to the mechanical oscillator leads to squeezing in the
quadrature Xˆθ1,θ4 for appropriately chosen phases θ1 and θ4. Relative to the choice of defining
a¯2 and a¯3 real, the optimal choice of phases is θ1 + θ4 = 0 modulo 2pi. This results in the
variance
〈Xˆ2θ1,−θ1〉 =
1
4
{
1 +
(α3 − α2)
(κ+ γ)(κγ/4 + α23 − α22)
(29)
×
[
γ
(
(α3 − α2)nth − α2
)
− (2κ+ γ)α2α3(α3 − α2)
κ(κ+ γ)/2 + α23 − α22
]}
.
By using Eqs. (26), we can rewrite this result as
〈Xˆ2θ1,−θ1〉 =
1
4
{
1 + (a¯3 − a¯2)
[
(a¯3,0 − a¯3)− (a¯2,0 − a¯2)
]}
, (30)
which shows that the two-mode squeezing occurs when the average amplitude deviation
a¯i,0 − a¯i is larger for mode 2 than mode 3. From the discussion in Section 7.1, it is clear
that we can replace αi in Eq. (29) by αi,0 in the regime we are interested in where Γ  κ, γ,
with α3,0 ≥ α2,0 and αi,0 not much greater than κ.
The variance (29) is shown in Figure 4 as a function of the ratio between the drives,
α2,0/α3,0. The vertical axis is normalized to the shot noise level of the unsqueezed state. We
use the parameters estimated from Section 5, choosing κ/α3,0 = 5/6 and nth = 0. We plot for
three values of the mechanical linewidth, γ = 10κ, κ, and κ/10, corresponding to Q = 104,
105, and 106. We observe that the variance goes below the shot noise level, indicating two-
mode squeezing. On the other hand, the individual variances 〈Xˆ2θ1〉, 〈Xˆ2θ4〉 ≥ 1/4, i.e. there is
no intramode squeezing.
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Figure 4. The variance of the quadrature Xˆθ1,−θ1 normalized to shot noise level, showing two-
mode squeezing between modes 1 and 4. On the horizontal axis is drive strength at the blue
sideband of mode 1 (α2,0) relative to drive strength at the red sideband of mode 4 (α3,0). We
have assumed κ/α3,0 = 5/6, nth = 0, and plot for three levels of the mechanical linewidth,
γ = κ/10, κ, and 10κ, corresponding to Q = 104, 105, and 106.
The experimentally accessible quantities are the output quadratures
Xˆθ1,out(t) =
1
2
(
aˆ1,out(t)e
−iθ1 + aˆ†1,out(t)e
iθ1
)
(31)
Xˆθ4,out(t) =
1
2
(
aˆ4,out(t)e
−iθ4 + aˆ†4,out(t)e
iθ4
)
, (32)
where the output fields are aˆi,out(t) =
√
κexaˆi(t)− ξˆi,ex(t) and ξˆi,ex(t) is the incoming vacuum
noise at the input/output port where the quadratures are measured. These quadratures can
be measured via homodyne photodetection, yielding access to the (two-mode) squeezing
spectrum [42, 43]
Ssq[ω] = 1 + 8
∫ ∞
0
dτ 〈: Xˆθ1,θ4,out(0)Xˆθ1,θ4,out(τ) :〉 cos(ωτ) (33)
where Xˆθ1,θ4,out = (Xˆθ1,out + Xˆθ4,out)/
√
2 and the colons indicate normal and time ordering.
The spectrum is normalized in such a way that unity refers to shot noise level. We have
neglected the fact that the two local oscillators used to measure Xˆθ1,out and Xˆθ4,out may have
different strengths, and assumed a detector efficiency of unity. However, these are purely
technical issues that can straightforwardly be taken into account [43]. Exploiting the fact
that ξˆi,ex(t) is vacuum noise and that it cannot be correlated with the intracavity operators
aˆ1(t
′), aˆ4(t′) at earlier times t′ < t due to causality, the squeezing spectrum can be expressed
in terms of the internal operators:
Ssq[ω] = 1 + 8κex
∫ ∞
0
dτ 〈: Xˆθ1,θ4(0)Xˆθ1,θ4(τ) :〉 cos(ωτ) . (34)
Focusing again on the optimally squeezed quadrature (θ1 + θ4 = 0 modulo 2pi), we find
Ssq[ω] = 1 + κex (α3,0 − α2,0) |χC[ω]|2|χM[ω]|2 (35)
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×
{
γ[(α3,0 − α2,0)nth − α2,0]− κα2,0α3,0 (α3,0 − α2,0) |χC[ω]|2
}
.
We have defined the susceptibilites
χC[ω] =
1
κ/2− iω (36)
and
χM[ω] =
1
γ/2− iω + (α23 − α22)χC[ω]
. (37)
The validity of the expression (35) is also limited to the weak-coupling regime discussed
above.
ω
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ω
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ω
/κ
ω
/κ
Q = 106 Q = 105
Q = 104 Q = 103
α2,0/α3,0
α2,0/α3,0 α2,0/α3,0
α2,0/α3,0
Figure 5. The two-mode squeezing spectrum Ssq[ω]. On the vertical axis is α2,0/α3,0,
i.e. drive strength at the blue sideband of mode 1 relative to drive strength at the red sideband
of mode 4. On the horizontal axis is frequency ω in units of κ. We have chosen κ/α3,0 = 5/6
and nth = 0. Top left: γ/κ = 0.1 (Q = 106). Top right: γ/κ = 1 (Q = 105). Bottom left:
γ/κ = 10 (Q = 104). Bottom right: γ/κ = 100 (Q = 103).
The output squeezing spectrum is plotted in Figure 5 as a function of frequency ω and
the ratio between the drives, α2,0/α3,0. We have used the same parameters as in Fig. 4, and
plot the spectrum for Q = 103, 104, 105, and 106. We see that the spectrum goes well below
shot noise level and that nearly maximal squeezing can be achieved at low frequencies ω < κ
when the mechanical linewidth γ < α3,0, κ and the ratio of the two drives is appropriately
chosen. Even for a modest mechanical Q = 103, the squeezing spectrum goes several percent
below the shot noise level.
It is clear from Eqs. (29) and (35) that the two-mode squeezing will diminish as the
temperature and hence the equilibrium phonon number nth increases. For extremely large
mechanical Q, the squeezing could nevertheless be observable at higher temperatures. For
example, to make the variance (29) go 1% below the shot noise level at room temperature
would require Q > 3× 107 with the parameters we have assumed.
Optomechanics with a high-frequency dilational mode in thin dielectric membranes 19
7.3. Radiation pressure shot noise
Observation of the squeezing discussed above implies that the mechanical oscillator is
susceptible to radiation pressure shot noise. We now discuss another way of using the two
quadratures Xˆθ1,out and Xˆθ4,out to explicitly detect these correlations between the mechanical
oscillator motion and photon shot noise. The method we propose is similar to the detection
schemes studied in Refs. [44, 45]. However, the experimental setup we have studied here
seems particularly appropriate for this kind of measurement, warranting a thorough analysis.
As in the previous section, we focus on the model in Eq. (25) and imagine that modes 2
and 3 are strongly driven. Homodyne detection of Xˆθ1,out(t) and Xˆθ4,out(t) gives access to the
cross-correlation spectrum
Scr[ω] =
1
2
∫ ∞
−∞
dτ eiωτ 〈{Xˆθ1,out(τ) , Xˆθ4,out(0)}〉 , (38)
where {·, ·} denotes the anticommutator. This spectrum can be expressed in terms
of two types of correlation functions. Some correlation functions are of the type
〈cˆ†(τ)cˆ(0)〉, i.e. mechanical oscillator autocorrelation functions. The others are of the type
〈ξˆi(τ)cˆ(0)〉, which are quantum optomechanical correlations between the vacuum noise of
the electromagnetic field and the mechanical oscillator. The latter type is nonzero when the
mechanical oscillator is susceptible to photon shot noise. In other words, these correlations
functions are nonzero due to radiation pressure shot noise.
The cross-correlation spectrum becomes
Scr[ω] = −κexα2,0α3,0|χC[ω]|2|χM[ω]|2 cos(θ1 + θ2)(Rcr[ω] + iIcr[ω]) , (39)
where
Rcr[ω] = γ (2nth + 1) + κ
(
α22,0 + α
2
3,0
)
|χC[ω]|2 (40)
and
Icr[ω] = −2ω
[
1 +
(
α23,0 − α22,0
)
|χC[ω]|2
]
. (41)
Note that the real part of Scr[ω] is even in frequency, whereas the imaginary part is odd. These
functions are displayed in Figure 6 for the case of equal driving strengths, α2,0 = α3,0. The
real part comes from the oscillator autocorrelation functions, whereas the imaginary part is
solely due to the correlations between the mechanical oscillator and the vacuum noise. Thus,
measurement of an odd frequency imaginary part of the correlation function Scr[ω] is clear
evidence of radiation pressure shot noise.
In the calculation of Scr[ω], we have neglected technical laser noise, which can give rise
to a similar asymmetry as the vacuum noise if it is not negligible at frequencies around ωM
[45]. However, for a mechanical frequency in the GHz range, neglect of the laser noise is a
very realistic assumption.
Finally, it is worth noting that the antisymmetric behaviour of the imaginary part Icr[ω]
can in principle be measured at high temperatures. However, as the magnitude of the real
part is proportional to temperature, control of phases so as to correctly identify the real and
imaginary parts would have to be very accurate. Challenges of this type were discussed in
more detail in Ref. [45].
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Figure 6. The real (left) and imaginary (right) parts of the cross-correlation spectrum Scr[ω].
We have used κ/α3,0 = 5/6, α2,0/α3,0 = 1, γ/κ = 1, and nth = 0. The asymmetric
imaginary part is a signature of radiation pressure shot noise.
8. Concluding remarks
We have studied the optomechanical coupling between the thickness fluctuations of a thin
dielectric membrane and an optical cavity field. For an appropriate choice of membrane
thickness versus cavity length, the model reduces to one where the creation (annihilation)
of a phonon causes scattering from an optical mode with higher (lower) frequency to one with
lower (higher) frequency. We have derived the coupling constant and showed that realistic
parameters suggest that optomechanical effects can be observable. We argued that this system
can be used to amplify a narrow bandwidth optical signal with quantum limited added noise.
Finally, we showed how one can create quantum correlations between two optical cavity
modes at different frequencies. We calculated a two-mode squeezing spectrum and found
considerable squeezing for realistic parameters. A method for clearly detecting radiation
pressure shot noise was also presented.
The physical system we discussed is already being actively studied experimentally
in several labs, such that very small changes are necessary to attempt to observe these
phenomena. A primary challenge is to detect the dilational motion, either through its thermal
noise or its response to driving, and to determine the mechanical quality factor. If the latter
is small, it would be an important technical challenge to find ways to increase it. With a
sufficiently high quality factor, the possibility of observing quantum optomechanical effects
with this high-frequency dilational mode appears feasible.
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